Gauge field in ultra-cold bipartite atoms 
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The eflects of entanglement and spin-spin collision on the gauge field in ultracold atoms are 
presented in this paper. Two gauge fields are calculated and discussed. One of the fields comes 
from space dependent spin-spin collisions in ultra-cold atoms, while another results from the usual 
Born-Oppenheimer method, which separates the center-of-mass motion from the relative motion 
in the two-body problem. Adiabatic conditions that lead to the key results of this paper are also 
presented and discussed. Entanglement shared between the two atoms is shown to affect the atomic 
motion. In the presence of entanglement, the additional scalar potential disappears, this is different 
from the case of atoms in separable states. 
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PACS numbers: 03.75Ss, 42.50Gy, 32.50.Fx 

Gauge potentials have been found to appear very nat- 
urally in the description of quantum mechanical systems, 
which depend upon slowly varying external parameters. 
Beside the central role the gauge fields play in the the- 
ory of fundamental interactions, gauge fields are of in- 
terest in a variety of single- and many-body quantum 
systems, leading to a variety of phenomena, for exam- 
ple quantum Hall effect 0, 0]- In recent years ultra- 
cold atomic gases have become an ideal playground 
to experimentally investigate many-body physics. This 
is due to the advances in experimental techniques avail- 
able in atomic and optical physics. Recently several ex- 
perimental groups have succeeded in trapping and cool- 
ing fermionic atoms 0, |^ well below the Fermi temper- 
ature. This is fascinating as it provides us an interface 
between ultra-cold atoms and fermions in solid state sys- 
tems. Fermi systems are well known from the study of 
electron properties in materials, however trapped atomic 
fermions are electrically neutral and each atom has inter- 
nal structure, hence directly mapping from the electron 
properties into the atomic one is not necessarily straight- 
forward. 

Combining the ultra-cold atoms and gauge field, a in- 
teresting study is to create an effective magnetic filed for 
ultra-cold atoms'^, the method is based on light-induced 
gauge potentials for atom with a space-dependent dark 
state[7j. The dark state is created in three-level A-type 
atoms interacting with two laser fields under conditions 
of electromagnetically induced transparency jS]- A vector 
gauge potentials arises for the adiabatic center-of-mass 
motion, as the dark state is space dependent. From the 
side of trapped atoms, the strength of the atomic pair in- 
teraction can be strong relying on the magnetically tuned 
Feshbach resonance 0- These give rise to a question of 
how the gauge fields depend on the inter-couplings be- 
tween the two Fermi atoms. Alternatively, it is believed 
that intersubsystem couplings would lead to entangle- 
ment, then how the entanglement affects the gauge field? 



In this paper, we will try to answer these questions by 
studying the gauge field for ultra-cold atoms with spin- 
dependent collisions and investigating the effect of entan- 
glement on the gauge field. This is of relevance to the 
recent study on BCS-BEC crossover in ultra-cold ^^K 
gases jlOj. where the inter-atomic interaction is specified 
by a two-body potential that depends only on the elec- 
tron spin 
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V{ri - fa) - V,{ri ~ r^) + V;(fi - fa)^! 

Here the spin states are \F,m,p) = {||, 2/'i2' 
for '^^K. This collision preserves the total spin projec- 
tion of the two-body system, and then any scattering 
process between atomic states that conserves the total 
spin projection is allowed. Taking the atomic motion 
pf/2mi(i = 1,2) and trapping potentials Viifi) into ac- 
count, the total Hamiltonian of the system reads. 
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+ Viifi) + V2{r2) + V{ri - fs) -t- Hq, 
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TlLiJl hL02 
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where aiz{i — 1, 2) stand for the Pauli matrix, and oji is 
the Rabi frequencies. As you will see, the spin-dependent 
collision Vg [ri — 7^2) Si ■ 5*2 together with the energy differ- 
ence {hu)2 — huji) lead to a gauge field A, which would af- 
fect the relative motion of the two atoms. This is different 
from the earlier study in diatomfllj. For fixed (fi — 7^2) 
the Hamiltonian Hg = HQ + Vs{fi — r2)S'i •S'2 can be diag- 
onalized to give a set of eigenvactors \Ei){i — 1,2, ...,4) 
and corresponding eigenvalues Ei as follows, 

-huji - huj2 
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Here, 
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h6 = T1UJ2 — fiuji and 
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By introducing R = min±Ill2li f = rl - r^. u = jnjjn^ 

M = mi + TO2, P ~ Pi + P2, and p = pi — we can 
expand the full system wavefunction r)) as 



|0(i?,f)) 
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^„(i?,r)|i;„(r)), 



(6) 



where ipn is a composite wavefunction that describes the 
relative and translational motion of the two atoms in 
the internal state |i?„(r)). Substituting equation Eq.© 
into Schrodinger equation, we get a set of coupled equa- 
tions for the components Tpn [R, 'r) ■ These equations 
can be written in a simple form by introducing column 
Tp = (i/'i,i/'2, as 

^^-t^HW-AT + V + ^l^, (7) 

where A and V are 4 by 4 matrices given by 

Amn^iHE„,{r)\S/E„ir)), (8) 

and 

Vmn{R, r) = Eyn(r)5mn 

+ {E^mVrii^ + Vi{R,r) + V2{R,T^\E^{i^). (9) 

Clearly, matrix A includes contributions only from inter- 
nal atomic degrees, while V includes contributions from 
both the internal and external degrees of atoms. Thus 
A changes the relative motion of the two atoms, whereas 
V affects both the relative and translational motion of 
the system. Let us now calculate and discuss the vector 
gauge field A in detail. By the expression of the matrix 
A, it is easy to show that the elements of A take the 
following form. 



A22 
others 



A 



33 



0, 



ih{+\v\-) = -ihve, 



ih{-\v\+) = --ihve, 



= 0. 



(10) 



This leads to i? = V x ^4 = 0, i.e., the vector gauge field 
yields a vanishing magnetic field. Consider two limiting 
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FIG. 1: Imaginary part of ^23 versus 5 and the relative 
distance r. h = 1 and ce = 1 were chosen for this plot. 



cases I Ml ^ 2|ys| and \h5\ <C 211^1, the first corresponds 
to a very small internal energy difference between the 
atoms, with respect to the collision strength Vg. In this 
situation cosO ~ 1 — Vs/{fiS) and sin6 ~ 2Vs/ {h6) up to 
first order in \VJh6\. It yields V0 ~ 2VK,/(M). Similar 
analysis leads to V6l ~ for |M| < 2|K|. With 

all these together one arrives at 



^23 
^23 



s 



,for h\S\ > 2\Vsl 

,for h\S\ < 2|K|. (11) 



Ea. (|ll|) shows that, the non-zero elements of matrix A 
are proportional to Ws, the gradient of the collision 
strength. Suppose Vg ^ — 1/r", one gets A23 l/r"+^ 
in the limit of h\S\ 3> 2|I4|, whereas A23 ~ 7-"^^ in 
h\S\ 2 1 14 1 limit. The dependence of the imaginary part 
of A23 on the energy difference 6 as well as r was shown 
in figure 1. For plotting figure 1, we chose Vs = —ce/r^, 
which is the leadiiig part of atom-atom collisions in ultra- 
cold Alkali atoms [l^. 

Eq.O is analytically exact, which describes the joint 
dynamics of the relative and translational degrees of free- 
dom. Suppose that the atomic state |-f ) is well separated 
from the remaining atomic states \Ei), {£3) and |i?4). 
Neglecting transitions from \E2) to the others, we get an 
effective equation for the atomic motion in the internal 
state \E2). 
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[-(-^W)^ + C/- 



2M 



(12) 



where U — V22 + ■^A23 -^32. An additional scalar potcn- 

tial 1/(2^)^23 • A32 appears due to the exclusion of the 
internal states \Ei), lii'3) and |i?4) in the effective equa- 
tion of motion Ea. (|12|l . The physics behind this may 
be understood as adiabatic eliminations of the internal 
states |£'i), I-E3) and I-B4), resulting in an effective po- 
tential like stark shifts. This result is interesting because 
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it provides us another way to test the effect of the vec- 
tor potential, which yields zero magnetic fields B. The 
Schrodinger equation which governs the adiabatic evolu- 
tion of atoms in state |— ) is similar to that for atoms 
in state |-|-). The difference is only in the effective po- 
tential [/, in this case it is ?7 = V33 -I- ^^^23 • ^32- In 
the Born-Oppenheimer methodp^. eigenfunction -02 is 
decomposed into relative components il)2{R,r) and com- 
ponents of center-of- motion ^'^{R) 



(13) 



The "02 a form a basis of eigenfunctions for the relative 

motion Hamiltonian ^(~«^'V)'^ + U{R,r) for fixed R 

when the translational kinetic energy term P^/2M is ig- 
nored, namely 



-tnVf + U{R,r)]r2jR,r^ = 
E^{RW2JR,r). 



(14) 



The vector wave functions [R) 
then satisfy 



m{Ri...,^%{R)) 



[-^(v.-.l-)^ 



E';!{R)]^1{R)^Et^I{R), (15) 



where 



(16) 



with {R, r\^2a) = '02, a To write Ea. lfTB|l . we assume that 
the two atoms remain in the a level, requiring that the 
translational motion vary very slowly with respect to the 
relative motion. In the case when this term could not be 
ignored, the Hamiltonian which governs the evolution of 
the vector wave functions $'^(i?) is 



(V^2,JV«|^5,,)] ■ 



(17) 



the off-diagonal terms in Ha^ would result in transitions 
between states I^^q) with different a. Ea. ((T^ holds 
when the adiabatic condition satisfied. Mathematically, 
this condition may be expressed as {a ^ (3), 



{r2jH^0\r2jj) 



- Ei 



«1, 



(18) 



i.e., the transition induced by the off-diagonal terms in 
Hap may be ignored. 

Now we turn to study the effect of entanglement on 
the gauge fields in ultracold atoms. Suppose that the 
bipartite atoms are in entangled states 

10} =^$„(i?,r,t)|a„(i?)),0|/3„(r)},, (19) 



where \an{R))a ( \Pn{'r))b){n = 1,2,..., A'') represent in- 
ternal states of atom a (atom b). The entanglement 
shared between the atoms may be measured by the quan- 
tum entropy as s = -Yl,n\^n{R-,r,t)\'^ln\^n{R,r,t)\'^, 
which would remain unchanged if there are no couplings 
between them. Consider a Hamiltonian 
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Ha{R) + Hb{r), 



(20) 



which governs the evolution of the bipartite atoms with- 
out couplings between them. Here, Ha{R) (i?f,(r)) de- 
notes the Hamiltonian of the electronic degrees of free- 
dom of atom a (atom b), and satisfies 

Ha{R)\a,,{R)) {R)\an{R))a. (21) 

Similarly, we require that 

Hb{f)\Pn{r))b = e„(r)|/3„(f))6. (22) 

These restrictions can be relieved and we will show later 
that they do not change the results. Substituting Ea. H19|) 
and H into the Schrodinger equation, we arrive at ( set- 
ting $(i?,r,t) = ($i(i?,r,t),...,$jv(i?,^t))^) 



H. 



eff 



— {-ihVr 

2m 



(23) 



2M ^ ' 



It is readily to show that A and a are diagonal 
matrices, the elements can be expressed as A^n = 
ih{an{R)\^ R\oin{R)) , and a„„ = z?i(/3„(r)|Vr|/3„(r)). e 
and £ are also N x N diagonal matrices, composed by 
the eigenvalues of Hf, and Ha, respectively. In contrast 
with the results presented in Eq. I|12|l , there is no any ad- 
ditional scalar potential resulting from A or a, even if one 
of the atomic states is well separated from the remaining 
atomic states. This is due to the vanishing of the off- 
diagonal elements of the vector potentials A and a. The 
physics behind this result is the entanglement. To show 
this point clearly, we suppose that the bipartite atoms 
arc in separable states, for example, 

IV') = ^<i>„(i?,f,<)|a„(i?)), ® |0(f))6, (24) 

n 

where |'0(?O)fc represents a state of atom b. Clearly, for a 
specific n that |Q!„(i?))a is well separated from the others, 
<&„ satisfies 

" ^2^^"^^^^ ~ + ^(^)]<5'«, (25) 

with A being by iV matrix given by Amn — 

in{am{R)\^an{R)), and V{R) = w Ej^„ ■ A-jn, 
representing the additional scalar potential, which ap- 
pears due to the nonzero off-diagonal elements of A. The 
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restrictions Eqs|2U and (|22|l can be removed, leading to 
no change of the conclusion, this can be understood as 
follows. Consider entangled states of the bipartite atoms, 

\^) = ^$„(i?,f,t)|e„(i?)), |7„(r))b, (26) 

n 

where \in{R))a {\ln{'r))b) are not the eigenstates of Ha 
{Hb). In terms of the eigenstates of Ha and Hb, \^n{R))a 
and \ jn{'r))b may be expressed as 

i 

hn{r))b = ^cj(f)|/3,(f)),. (27) 

i 

The Schrodinger equation instead of Ea. H24|l then takes, 



+ —{~ihWR-Af + e + E]<S>, (28) 

where e and E are iV by iV matrices as follows, = 
ililHbhj), and E,j = {^i\Ha\S,j). E,j and e,j would in- 



duce population transfer, but these terms could not result 
in any scalar potential even if the population transfer in- 
duced may be ignored, because A and a are diagonal in 
this case, too. This means that the atoms experience no 
additional scalar potential when they evolve adiabatically 
in any internal states as long as they are entangled. 

In conclusion, we have discussed the gauge fields in 
ultra-cold atoms with space dependent spin-spin colli- 
sions. The vector gauge field leads to zero magnetic 
fields, but gives rise to effective potentials to the rela- 
tive motion of the atoms, this effective potential may be 
strong and results in escaping of the trapped atoms from 
the trapping potential. For the center-of-mass motion, 
the gauge field comes from relatively slow motion of the 
center-of-mass, the effects of the space dependent spin- 
spin collision on the center-of-mass motion take place 
through changing the eigcnfunction of the relative mo- 
tion. It is estimated to be large near the Feshbach res- 
onance. The entanglement has been shown to eliminate 
the additional scalar potential, explanations and discus- 
sions are also given. 
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